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Abstract 

We investigate two-channel scenarios of optimal quantum teleportation based on 
Bell measurements and GHZ measurements. The detailed protocols are presented 
and the general expressions of the optimal teleportation fidelities are derived, which 
turn out to be functions of two-channel fully entangled fractions - invariants un¬ 
der local unitary transformations. We prove that the set of states which are useful 
for two-channel teleportation is convex and compact. Hence witness operators ex¬ 
ist to separate states that are useful for optimal teleportation from the rest ones. 
Moreover, we show that our two-channel teleportation fidelity is better than the 
usual one channel ones. The corresponding experimental schemes for two-channel 
teleportation of photon states are also presented. 


Introduction 

Quantum teleportation plays an important role in quantum information processing |X], 
which gives ways to transmit an unknown quantum state from a sender traditionally 
named “Alice” to a receiver “Bob” who are spatially separated by using classical commu¬ 
nication and quantum resources |21 IS HIE], in ©, the authors considered the one channel 
optimal teleportation: Alice and Bob previously share a pair of particles in an arbitrary 
mixed entangled state x■ In order to teleport an unknown state to Bob, Alice first per¬ 
forms a joint Bell measurement on her particles and tells her result to Bob by the classical 
communication channel. Bob tries his best to choose an particular unitary transformation 
which depends on the quantum resource x, so as to get the maximal transmission fidelity. 
The transmission fidelity of such optimal teleportation is given by the fully entangled frac¬ 
tion (FEF) [7j of the quantum resource. It shows that when the resource x is a maximally 
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entangled pure state, the corresponding optimal fidelity is equal to 1. However, Alice and 
Bob usually share a mixed entangled state due to the decoherence, and the fidelity is less 
than 1. One of the major goals of quantum information theory is to find the optimal ways 
to make use of noisy channels for communication or establish better entanglement [8j. 

One way to improve the fidelity of teleportation is to distill entanglement [9], which 
refers to the procedure of converting mixed entanglement states to singlets by using many 
copies of the entangled resources. The distillation of pure states is often referred as en¬ 
tanglement concentration mu- For mixed states, since the distillation protocol presented 
in P], fruitful results have been obtained [TTJ [T2> 13) EH]- It has been found that some 
entangled quantum mixed states, called bound entangled states, are not distillable [15]. 
The nonlocality and usefulness of bound entangled states in information processing have 
been extensively studied pH .XT], EL8J [T9] . 

The problem to use distillation procedure to improve the teleportation fidelity is that 
the complicated distillation protocol may have to be repeated for infinitely many times 
to bring out a singlet. Moreover, in each round the desired results are usually obtained 
probabilistically, usually with an extremely low possibility to get a expected measurement 
outcome. Hence a lot of copies of resource states are needed. Above all, if the entangled 
resources are bound entangled ones, the distillation fails. 

In this paper, instead of first doing distillation of two pairs of entangled resources and 
then doing teleportation by using the distilled pair of entangled resource, we consider to 
do teleportation directly by using these two pairs of entangled resources. We give two 
two-channel optimal teleportation protocols, one based on usual two-particle Bell mea¬ 
surement and another one on three-particle GHZ measurement. After tedious algebraic 
calculations we present the explicit formulae of these teleportation channels. The cor¬ 
responding optimal teleportation fidelities are derived and analyzed. The two-channel 
teleportation fidelity is shown to be better than the usual one channel teleportation fi¬ 
delity. The experimental schemes to demonstrate two-channel teleportation of photon 
states are also presented. 


Two-channel optimal teleportation protocol based on 
Bell measurements 

Let H denote an n-dimensional Hilbert space, with {| i),i = 0, ...,n — 1 ,n < oo} as 
orthogonal normalized basis. A set of unitary matrices U st in H can be defined as fol¬ 
lows: U s t = where h and g are n x n matrices such that h\j) = \(j + 1 )/mod n) 
and g\j) = w^\j), with w = exp{— 2^/—l7r/n}. One has the following relations 
tr(Ul t U s ’ t ’) = nS tt 'S ss /, U st U] t = I nxn . The generalized Bell states [6] are given by 
\<& st ) = (1 <E> U st ) |<h), where |<3>) = |<h 0 o) = \™) is the maximally entangled 

pure state. The n 2 generalized Bell states {|$ st )} = ^ f° rm a complete 

orthogonal normalized basis of the H ® H space. Throughout this paper we adopt the 
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standard notations: for any matrix A £ End (H), A a is an embedding operator in the 
tensor space H 0 H ® ■ ■ ■ <g> H , which acts as A on the cc-th space and as identity on 
the other spaces; and for any matrix U £ End(i/ <g) H), U a/ 3 is an embedding operator in 
H (8> H <g) • • • ® H , which acts as identity on the spaces except for the cr-th and /3-th ones. 

The two-channel teleportation protocol is as follows. Initially Alice and Bob share two 
pairs of entangled resources, see Fig. 1. Particles 1 and 2, 3 and 4 are in an entangled 
state x, respectively. Particles 1 and 3 are in Alice’s side, while particles 2 and 4 are in 
Bob’s side. Alice wants to transmit an unknown state of particle 0 to Bob. Firstly, 
Alice (resp. Bob) performs a joint local unitary operation W (resp. V) on particles 1 
(resp. 2) and particle 3 (resp. 4). Then she makes a joint Bell measurement on particles 
0 and 1, which maps the state of particles 0 and 1 to a basic one, say |r/)oi, where the 
subindices denote the spaces with respect to the corresponding particles. She informs Bob 
the measurement results by classical means. According to these measurement results, Bob 
chooses a corresponding unitary transformation T\j on particle 2 to achieve the maximal 
teleportation fidelity. After some tedious calculations, we have: 


Alice Bob 



Figure 1: Scheme of two-channel optimal teleportation protocol based on Bell measure¬ 
ments. 


Theorem 1 For any unknown input state p,. n , the teleportation protocol maps the state 
p in to state A { ^f w ' v} (p in ), 


A {T s t,wy} 


( Pin ) 


n° 






S2,t2,s' 2 t2 

\t 




\t T /t 


Proof. First consider that the unknown initial input state pi n that Alice wants to 
teleport is a pure state, \4>) = y a v \v). 
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1. The two entangled resource states are pure: x® 2 = |T)(T|, where 

71—1 71—1 71—1 

I'fr) = ^ a,ij\ij) ® a fcI |A:Z), ^ | 1 2 = 1 . 

i,j=0k,l=0 ij=0 


The initial state is |</>)o|'I / )i 234 - Alice and Bob apply the unitary transformations W and 
V to their two resource particles respectively. Before the measurement, the initial state 

becomes 10) 0 W"i 3 V" 24 1^ ) 1234 = E"7=o,m=o T^,k>,v,u =o ^ijauW^V^a^m'j'k'l') 0l2M . 

After Alice’s joint Bell measurement based on |$ st ) on particles 0 and 1, we get: 
($ st |oi(|0) o B / i3V24|'b)i234) = h\ ^2 |$) 3 4 , where A is the n x n matrix 

with elements (A)y = a ir Receiving the Alice’s measurement outcomes, correspond¬ 
ingly Bob applies a unitary operator T st on particle 2. The resulting state becomes 
(T S f) 2 V 2 ^A 2 AAV 2 4 (Ugfj 2 \ 0) 2 1 ) 34 • Taking partial trace over the spaces with respect to 
particles 1 and 4, we have 


= 5j«i- 31 [(T >1 ) 2 l/ 24 4 2 >l 4 »' 21 (t/ Ji )t|^) 2 {^| 2 |<*)3 4 {®| 34 (C/, i ) 2 H/t 4 4t4;y 4 (T >i )t] 

S,t 

= V -tr 4 [(T s 4)2R24A2A 4 fR24(f/,O^)2(0|2(^t)2W 2 t 4 A^i4(T s 4)|]. (1) 

' n 
s,t 


2. Now consider the case of arbitrary entangled mixed resources, 


x 92 = 

a,(3 


where 

71—1 71 — 1 

l^a/3> = 4f\ij)<g,a^\kl), 

i,j =0 k,l =0 

0 < P a (fi) A 1 and Ea(/ 3 ) Pa(/3) — 1- Similar to the derivation of (|TJ) , we have 

P /3 tr 4 [(T S 4) 2 R24Af ) AflR 2 4(f/]t)2|0)2(0|2 

n s,t a „0 

(U st ) 2 wlA^ArV 2 l(T st )\\, 

where (A)(" //3) = 

Since each matrix A A) can be decomposed in the basis of U st : A^A = E s t a st U 3 t, by 
using the relation 0 wEaP« a it )fl S'* = we have 


,{T sU W,V} 

1Y X® 2 


(Pin) 


1 

n 3 


E E 

SljtljSjtj S2,t2,S 2 t 2 


^(^s 1 t Ax\^s[t' 1 ){^s2t2\x\^s' 2 t' 2 )tr4[(T st ) 2 V 24 (U Sltl ) 2 


(Us^W^U^hi^Us^ 


AtA 
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It is straightforward to show that the above relation is valid too for any mixed input state 
Pin■ E-l 


Remark If we chose W 13 = V 24 = I n 2 xn 2 , A ^2 W,V ^(pin) reduces to the one-channel 

X. 

teleportation protocol A < ~ x \{T})(p) in [ 6 ]: 

a $f- v \pin) - A £ £ £<*«*.M**iK*«oM*W 

S2,t2,s' 2 t ' 2 s,t 

= A“({T})(Pin) yEEl** \x\^.'A)^[U„t,Ul, A \ = A“({T})( ft „). 

S2J2 s' 2 ,t ' 2 


Hence the two-channel protocol is always at least as good as the one-channel one. 

Moreover, one can prove that the quantum teleportation channel A^ 2 ’ W ’ V ^ is trace 
preserving, 


tr[ A x ® 2 


{' T st ,w,v } 


( Pin )] 




(^s 1 M^s[t[)(^S2t2\x\^s' 2 tO t r2{{Tst)2(U Sl t 1 )2tr 4 [(U S2 t 2 )4 


SlytljS^t^ S 2 ,t 2 ,S 2 t 2 


1 

~~2 


n 




Sl,tl,S^q S 2 ,t 2 ,S 2 t 2 


= 1, 


where in the hrst equality we have used the identity 'Yh st Ul t AU st = ntr(A)I nxn , for any 
n x n matrix A. 


Theorem 2 The optimal teleportaion fidelity of the two-channel protocol / 2 max(x) is 
given by 


max(x) 


nF 2 (x) 1 

(n + 1 ) n + 1 ’ 


where F 2 (y), we call it two-channel fully entangled fraction (TFEF), is given by 
F*{x) = m ax {(^>|i 2 tr 34 [^13^4X12X34^13^24] I < ^ > ) 12}- 

fl,VeU(n 2 ) 


( 2 ) 

(3) 
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Proof. Let U(n) be an irreducible n-dimensional representation of unitary group G. 
By using the Schur’s lemma 


dg(U\g) <g> U ] (g))a(U(g) ®U(g)) = aj <g> / + a 2 P, 


IG 


(X\ — 


n 2 tr(cr) — ntr(aP) 
n 2 (n 2 — 1) 


Oi 2 — 


n 2 tr(crP) — ntr(cr) 
n 2 (n 2 — 1) 


where a is any operator acting on the tensor space, P is the flip operator, dg is the Haar 
measure on G normalized by f c dg = 1, we get the fidelity of the two-channel teleportati 
protocol, 


ion 


/ 2 CO = {4>in\^m W ' V} {pin)\4>in) = ^EEEE 

Sl,tl S2,t2 s'^t '2 

[ [U( g y ® P(^) t ][01 4 (T s 02^4(^J 2 (173 2i2 )4hL24(^)^)4] 


' G 


xE 

s,t,j,k 

^[{kUiU^hwUu^hiUl^)4Vi(T st )l\j) 4 \[U(g) ® U(g)]dg\00) 

1 


\ti 


n 4 (n + 1) 


EEEE<«*.< i\x\®s' 1 t' 1 )(®s 2 t 2 \x\®s' 2 t' 2 ) 


*11*1 ■ s 2i* 2 S2,*2 

X {tr 2 [01 4 (T st ) 2 y 2 4(^ ltl )2(^2t 2 )4|04(i|4W 24 (£/ at )5|A:)4] 

s,t,j,k,l,l' 

tr4[<*|4(c, ( ) 2 ivl 4 (tft t ,) 2 (c/»,, i )lio 4 {i'| 4 v- 2 t 4 (r»,)5|j)4] 

+ ra 2(., 1 + , E E E E , i l :|.| | \ I'l.;,.; \ l 1 :'/',/ 


Sl,*l + + S 2 ,t 2 s' 2 ,t' 2 


tr 2 [(C sltl ) 2 (£/' ,) 2 ]tr 4 [(C/ satl ) 4 (t/ 4 ,.)t) 4 ] 


n 4 (n + 1) 


EEEEE ($| 1 2($|34tr 2 4[fy 2 4(C/ st )2^) 4 0l4(T st )2^24([/ Sl t 1 ) 5 

S 1,*1 s'^ty S 2 ,t 2 s' 2 ,t' 2 s,t,j,k 

r t wrrt . +v_ .n/t 7T 1 'dux ,/i.i ,rrr l.wt rzvt 

1 


(^fa)4](^ ltl )2(^ ta )4Xl2X34tr 24 [V^(r rt )T|j%(A : |4(^ t )2W^(i/J l4 ;)2(^) t )4)] 


(Us'^t^ ) 2 () 41 *h) 12 | < h)34 + 


n+ 1 


n 


-^(d>| 1 2(d>|34^24(^t)k^)2tr 4 [G 2 4X 1 2X344] 

' s,t 


(T it )*(C, t ) 2 lVi)|t) 12 |*) 


34 


71 + 1 


6 



Then the optimal teleportation fidelity is given by the maximal fidelity of / 2 (y), 


f-2(x)max = Yy n m^ 2) {($|l2($|34^24tr4[y24Xl2X34l4]^24l $ )l2|$)34} + 

n 2 1 

= 7— ~T\ max {(^112(^134^13 tr 4 [y 24 Xl2X34^4^13I^)l2 1 ^) 34 } H- 

(n + 1 ) n,veu(n 2 ) n + 1 

where fi 24 = H 7 24 ([/ st ) 2 (T', rt ) 2 . Rewriting Q T as Q, we get ([2J. □ 

From Theorem 2 we see that the optimal two-channel teleportation fidelity solely 
depends on the two-channel fully entangled fraction F 2 (y) of the resource state y. It can 
be shown that F 2 (y) given by (J3| is an invariant of local unitary transformations, y 12 X 34 — )■ 
(il)i 3 (2J)24yi2y34(il) t i 3 (^)L, where 11 and QJ are unitary operators on H 0 H . Theorem 2 
also tells us that a resource state y is useful, namely, it gives better teleportation fidelity 
than classical channels, if F 2 ( x) > ~- 

Let us compare the fidelities between the one-channel and two-channel teleportaion. 
The usual one-channel teleportaion fidelity fi(x)max is given by [ 6 ], fi(x)max = + 

^X, where Fi(y) = max {/ef / (n ){($|i 2 f/ 2 t yi 2 L r 2 |<l))i 2 } is the fully entangled fraction. To 
compare / 2 (y) maa , with f 1 (x)max, one only needs to compare F 2 (y) with Fi(y). How¬ 
ever, both F 2 (y) with F\ (y) are formidably difficult to calculate analytically. Analytical 
formulae for F\ (y) are only available for some special states y [21] [22J. Generally one 
has only estimations of the upper and lower bounds of Fi(y) [22] [23]. However, if one 
takes W = V to be identity, or take VtV in (J3]) to be the tensor of two unitary operators 
T ® T with T,T G U(n), one gets F 2 (y) = ip (y). Thus the extreme value range of F 2 
is larger than that of F\. Therefore, for any arbitrary state y, / 2 (y) ma a; > fi(x)max, i-e-, 
the two-channel optimal teleportation fidelity is always no less than that of the original 
one-channel protocol. 

In the following, we give numerical calculations of F 2 and F\ by using the Conjugate 
Gradient Algorithm |24lI25j . Following the MRPR method introduced in [23] , we can get 
the numerical result of F\. For F 2 , to simplify the computation, we take V = I nxn - Then 

F 2 (x) = n max {(<J>| i 2 (^» 1 34^24X12/^3^24 1 12 1 < ^ > )34} 

neu(n 2 ) 

= max {y'(<F| 12 0 j 4 H 2 4 y 12 ^ 4 |j , ) 4 |<f') 12 (jj 3 P 3 |j / ) 3 } 

U&U(n 2 ) z — J 

ttGU(n 2 ) z ' 

J 

where p 3 = ir 4 (y 34 )- Denote foCx) = (^»1 12 (j[ 3 ^ 23 X 12 ^ 23 ^ 3 b’> 3 1^>) 12 - We get F 2 (y) = 
maxo 23 er /( n 2 ) ^ 2 , which is in fact a lower bound of F 2 since we have set V = I nxn • Set 
dF = F 2 (y) — F\ (y). Fig. 2 shows that for some randomly generated states, one has 
F 2 (y) > Fi(y). 
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Figure 2: Hollow triangles for 3-dimension random states, solid triangles for 4-dimension 
random states. 


For the usual one-channel teleportation, it is shown that only resource states y such 
that F\ (y) > 1/n are useful for teleportation. However, for general states y, the fully 
entangled fraction (FEF) iq (y) is quite difficult to compute. Analytical formula of FEF 
for two-qubit states has been derived by using the method of Lagrange multiplier |21j . The 
upper bounds of FEF for general high dimensional quantum states have been estimated 
[23, ESj. Exact results of FEF are also obtained for some special quantum states like 
isotropic states and Werner states ra- For a given unknown state, an important issue is to 
determine whether it is useful for quantum teleportation by experimental measurements. 
In Ref. [27], the authors show that the set of entangled states which are useful for one- 
channel quantum teleportation, i.e. their FEFs are great than 1/n, is convex and compact. 
The witness operators which detect some entangled states that are useful for teleportation 
have been derived [28] . 

From the formulae of the optimal teleportation fidelity / 2 (y) ma a; ((2|), it is also obvious 
that only resource states y such that F 2 (y) > 1/n are useful for teleportation. Let § 
denote the set of states satisfying F 2 (y) < A We have 

Theorem 3 § is convex and compact. There exist witnesses to identify the usefulness 

of an unknown resource state for two-channel teleportation experimentally. 

Proof: (i) The set S is convex: Let y a and Xb £ §, namely, F 2 (y 0 ) < -, F 2 (y&) < 
A Consider y c = £y a + (1 — £)y&, where A G [0,1]. By the definition of F 2 (y) = 
m axn 23e f/ (n 2 ){ oo1 12 (j 1 3 A 23 y 12 A 23 P 3 1j) 3 1$oo) 12 }, We get that F 2 (y c ) < £F 2 (xa) + (1- 

CjF 2 {xb) < A Thus y c G S, i.e. § is convex. 

(ii) The set § is compact: For finite dimensional Hilbert spaces, to show that a set 
is compact, it is enough to show the set is closed and bounded. S is bounded since the 
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eigenvalues of y lies in [0,1] [27] . To see that it is closed, assume that for any two density 
matrices Xa and Xb- The maximal value of F 2 (x a + Xb) and F 2 (xa) are obtained at h2 a +fc 
and respectively. Therefore 


F 2 (Xa + Xb) 


Fo(Xa) 


< £<* 00112 ( j 13 (^a+fc) 23 (Xa) 12 {^a+b)23 tr 4 [(Xb) 34] * \j) 3 I $00 ) 12 

3 

+ 00112 (j 13 (^a+fe)23 (Xb) 12 (^a+fe) 23^ r 4 [(Xa)34] * \j ) 3 I $00 ) 12 

3 

+ 00112 {j 13 (^a+b) 23 (Xb) 12 (^a+b)23^ r 4[(Xb)34]* | J )31 ^ 00 ) 12 

3 

< Ell $ oo)l| 2 |l^ , )l| 2 |l 0 a + b l| 2 ( 2 llx«ll + llx&IDHXbll 

3,3' 

= n 2 ||n a+6 || 2 (2|| Xa || + ||x 6 ||)||x 6 ||- 


Since the set of all unitary operators is bounded, ||fi a+ ;,|| 2 < v, where v is a positive real 
number; ||y a || is the maximal eigenvalue of Xa satisfying ||y a || < 1- Thus 

F 2 (Xa + Xb) -F 2 (xa) <n 2 v( 2+ 11 Xfo 11) 11Xfo11 - 


Therefore when ||x&| | 0, F 2 (xa + Xb) ~ F 2 (xa) —> 0, implying that F 2 is a continuous 

function. Moreover, F 2 (x) G [^j, 1]. F 2 — \ for x — \ln 2 xn 2 i and F 2 = 1 for maximally 
entangled pure states y. Hence the set § = {y : \ < F 2 ( y) < is closed. 

From the proof above, we can conclude that the set § = {y : \ < F 2(y) < F) is 
convex and compact. According to the Hahn-Banach theorem [29], any y (jL § can be 
separated from § by a hyperplane. This feature enables for the existence of hermitian 
witness operators and thus experimental ways to detect the usefulness of an unknown 
state for two-channel teleportation. □ 

For experimental setup of our two-channel teleportation protocol based on Bell mea¬ 
surement, we give a scheme in terms of photons (n = 2), see Fig. 3. From sponta¬ 
neous parametric down-conversion in two adjacent BBO crystals, arbitrary two-photon 
polarization-entangled pure states can produced [301 EH [32]. Three entangled pairs ( 
photon 0 and photon p, photon 1 and photon 3, photon 2 and photon 4 ) can be prepared 
in state \i})). Photon 0 is prepared for the initial state while photon p serves as a trigger 
indicating that a photon to be teleported is under way 133]. The other two pairs play 
a role as two identical resource pairs. Alice makes a Bell measurement on photon 0,1. 
After Bob receives the classical information of measurement results, he performs a corre¬ 
sponding rotation to achieve the maximal teleportation fidelity. The scheme also can be 
generalized to arbitrary N-channel cases, by simply increasing the number of entangled 
photon pairs. 
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Figure 3: Experimental Setup for two-channel photon state teleportation based on Bell 
measurements. PBS refers to polarizing beam splitter and HWP refers to half wave plate. 

Two-channel optimal teleportation protocol based on 
GHZ measurements 

In the above section, we have presented a two-channel teleportation protocol by first 
making local unitary transformations on the two entangled resources, followed by a stan¬ 
dard Bell measurement on the particles 0 and 1. Now we investigate another two-channel 
teleportation protocol in terms of three-particle Bell-like (GHZ) measurement, see Fig. 
4. Alice performs a unitary transformation on particle 1 and 3, then she makes a joint 
GHZ measurement on her three particles 0, 1 and 3, and delivers the measurement out¬ 
comes to Bob by classical means. According to the measurement results, Bob chooses a 
corresponding unitary transformation T on particle 2 and 4, and trace over the space of 
particle 4. 

First we introduce a set of complete orthogonal normalized generalized GHZ-states 
il&rJ} in 

I*™) = U®COI*oo>. 

where |<E>oo) — I***)- The unitary matrices {U* m } are given by: U^ m = h r g s ®h m , 

which satisfy the relations, tr(U^ m U^ m ,) = 7 i 2 S r yS m ^S s y, U^ m U^ m = I n 2 xn 2. The explicit 
expressions of the states rea d, |$£ m ) = ^ w ^ s \j->3 + r, j + m). 

Associated with the states one can introduce a set of linear operators {U^m} : 

Url\i) = J2jk( U rm)ijk\3k) = 'Ei'j,k (( U rm)i'jk l-b k ) (*' I) I*) , which ma P H H®H. It is 
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Figure 4: Scheme of two-channel optimal teleportation protocol based on GHZ measure¬ 
ments. 

easy to show that the correspondence between {| < h;! m )} and {U^} is indeed one-one. 
Explicitly, we have 


u± = V m -i-\j + r ,j + m)(j\ = (, Vg ** ® hT)E, 

3 

where E = ]d\ |ii)(i|. It is direct to verify that, U* m U^ n = J nxn , which maps H —>■ id; 
and U^ m U^ m — (1 ® h' n ~ r )(J2 j \jj)(jj\)(l <8> /r m_r ) t , which maps H ® H H ® H. 


Theorem 4 The protocol maps an input state to 


A 
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( Pin ) 

Sl,tl S2J2 sjjtj 

X t ri {^ (T;j 2 4(f/„, 1 ) 2 (C, 1 , 1 )4(W') 2 4(C/ r l) 2 ( ft „) 2 




Proof. 1). Entangled pure states as resources: with the unknown initial input 
state given by \o) = Yhv a A v )i an( l the two entangled resource state given by |T) = 
Yaj =o 177,7=0 CLij\ij)®a k i\kl), Y^V,=o \ a ij? = 1, applying the operator W on Alice’s two re¬ 
source particles, one has the state J777=o J7”7^=o a ij a kiW^' a v \m' jk'l). From the 

joint GHZ measurement based on |<F* m ) we get, (4>;: m |(|(/>)<g)|T / )) — ■^^2MW 2 i{U^ rn ) 2 \4>)2 • 
Bob applies a corresponding unitary operator T r s m on his two resource particles. The 
resulting state becomes 1 4>) —> Tracing over the space as- 
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sociated with particle 4, we obtain 


{T? m ,w}, \ 

(x) ( Pin) 

1 tr 4 { X (r; m )24(A) 2 (A)4(W'). 2 4(&;t 1 ) 2 ( ft „) 2 (&* n ) 24 (W't). 24 (/i)»(/i)i(r; m )» 1 }. 

r,m,s 


n 


2). Arbitrary entangled mixed state as resource: pPaPpl^ap)(^ap\i where |^ aj g) = 


Yji.j=q Y?k,i= o 0 < P a < 1 and P a = 1. Following the same procedure 

as that of the pure resource state case, we have 

Agf"' wl (ft„) = ^ E p « p l > tr *{E 


, 08 ) 


a,(3 


(^ m )24(ir t ) 24 (A<“>)*(A<«);(r; m )5 1 }. 

Since J 4 (o) = J2 S ,t a 4 ^s! and = {'Utlxl^Vt'), we get 


A {T^,wq 

A (x) 


<*.) = ^EEEE (^Vi I xl ) ($ S2 t 2 1 x| $44) 

Sl,tl S 2,^2 S^> 7^2 

x tr 4 { E( I ’*j24(^ ltl ) 2 (f/«« a )4(W')24(Ul)2(A„)2 

r,m,s 

(5i,,)24(H'' t ) 21 (t/,,,,)t(t/ 4t ,)i(r*„)J 2 4}, 

which is valid also for any mixed input states p 2n . □ 

ft is direct to prove that the quantum channel is trace preserving, namely, 


tr h V (x) 


( Pin ). 1 


Theorem 5 The optimal teleportaion fidelity of the two-channel protocol based on GHZ 
measurements is given by 


f2 max (x) 


nFVod 1 

(n + 1) ra + 1’ 


(4) 


where 

*»(*) = ; E {(*|l2<*|34[M^(ftV*) 2 (fc m )4(Si)24(I^)24](Xl2X34) 

IL \ t’ttx J 

r,m,s,i 

[(r r l)24 + )24(V9»)t(fc”‘)I+ 4 ]|<I>) 12 |<I>>34} 
and Ei = \jj)(ji\. 
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Proof. Using the Schur’s lemma and averaging over all possible input states, we have 


fix) = 


x 


x 


+ 


(^in\^ m,w} iPin)\K) = ^ Y, J 2 J 2 

Sljtl S 2 ,t 2 ^ 2,^2 

V (00| f [C/( 9 ) t ®C/( 9 )t]{i| 4 [(T r * m ) 24 (f/ sl , 1 ) 2 (f/« b ) 4 (W) 24 (C/l) 2 ] 

[(h'„)24(w t ) 2 4(c/],,,) 2 (r/, t , ( ,) 1 (T*!,) 21 ]|i) 4 [(/f s )®f/( s )]<i 9 |oo) 

n i l (( +1) ^ ^ ^ ^ .i 1 11^ '^‘i .‘i / 

1 ’ S 1 ,t 1 S 2 ,t 2 s' 1 ,t' 1 s' 2 ,t ' 2 

^{tr 24 [(r; m ) 24 (c/ slll ) 2 (c/, Jtl ) 4 (H') 24 (&l) 2 {i| 4 ] 

r,m,s,2 

tr 24 [|i) 4 ( 5 ; r * m ) 24 ^l 4 (i/, t , t ,) 2 (t/, t , t ,) 4 (r r l) 24 ] 

tr 2 [<i|4(T,!U) 24 (V 1(1 ) 2 ((/» l2 ) 4 fH'') 24 (Vl) 2 

(c/; m ) 24 (iy t ) 24 (c/t,,) 2 (t/, t ,,,) 4 (r r l) 24 |i> 2 ]}. 


From the following identity, Ylrms Cm A U° m = ntr(A) I d <g J d , one gets 


fix) = 


EEEE E {(Ui2(»M(< tI )2(K 


* 2 ^ 2 ) 4 ] 


n 4 (n + 1) 

«l,tl S 2 J 2 ®2’*2 r ’ m > s >i 

tr 2 4[(U Slt J 2 (U S2f j4^ 2 4(hVl2(^)4(^)24(T; m ) 24 ](Xl2X34) 

tr 24 [(rl) 24 (Bj) 24 (/ i r /*)t(ft”);W' 2 VU 1 ;)2( f/ hi) 4 ]l( f/ ‘i‘i) 2 ( f/ -i‘i) 4 ]l' i >) 1 2 l' i >> M 

+ E E E E<*-Ixi*^x*«.ixi*«> 


n 2 (n + 1) 


Sl,tl S2,t2 s'^ S 2 X 2 


[n 


- 53 {{*li 2 {t| M [W' 2 4(AV*) 2 (A’”)4(B.) 24 (I’;,„) 24 ](Xi 2 X34) 

' "n m £> o 


r,m,s,i 

d 


[(r r l) 2 4 ( 4 ) 24 (hV*)kni^ 4 ]l$)l 2 |$) 34 } + 


n + 1 


Thus the optimal teleportation fidelity f 2 max (y) is then given by Q. 

It can be shown that the TFEF F! 2 {x) is also an invariant under local unitary trans¬ 
formations on the resource pairs. The Experimental scheme of the two-channel optimal 
teleportation protocol based on GHZ measurements[34j is shown in Fig. 5. 


Conclusions and Discussions 

We have proposed two general two-channel quantum teleportation protocols, the corre¬ 
sponding optimal teleportation fidelities have been explicitly derived. It turns out that 


13 








GHZ state analyzer 


Alice 



y Ditector 


\PBS 


Figure 5: Experimental Setup for two-channel photon state teleportation based on GHZ 
measurements. PBS refers to polarizing beam splitter, HWP refers to half wave plate, 
and SPR refers to single-qubit polarization rotations. 


the optimal teleportation fidelities only depend on the two-channel fully entangled frac¬ 
tions, which are invariants under local unitary transformations on the resource states. It 
has been shown that the two-channel protocol based on Bell measurement can increase 
the teleportation fidelity bypassing the usual one-channel protocol. To get better and 
better teleportation fidelity, avoid complicated distillation procedure and save entangled 
resources at the same time, one may generalize the two-channel teleportation protocol to 
multi-channel ones. 


Acknowledgement 

Financial support from the National Natural Science Foundation of China (Grant Nos. 
11275131, 11375141, 11434013, 11425522) and the ”973” program (2010CB922904) are 
gratefully acknowledged. Drs. Huangjun Zhu and Xiaolong Du helped us a lot on the 
numerical algorithm. We also would like to thank Profs. Kai Chen, Zhihua Chen, Ming 
Li, Drs. Teng Ma and Bin Chen for their helpful discussions. 


14 





References 


[1] Nielsen, M. A. & Chuang, I. L. Quantum Computation and Quantum Information 
(Cambridge University Press, Cambridge, England, 2000). 

[2] Bennett, C. H. et al. Teleporting an unknown quantum state via dual classical and 
Einstein-Podolsky-Rosen channels. Phys. Rev. Lett. 70, 1895 (1993). 

[3] D’Ariano, G. M., Lo Presti, P. & Sacchi, M. F. Bell measurements and observables. 
Phys. Lett. A 272, 32 (2000). 

[4] Bowen, G. & Bose, S. Teleportation as a Depolarizing Quantum Channel, Relative 
Entropy, and Classical Capacity. Phys. Rev. Lett. 87, 267901 (2001). 

[5] Albeverio, S., Fci, S. M. & Yang, W. L., Teleportation with an Arbitrary Mixed 
Resource as a Trace-Preserving Quantum Channel. Commun. Theor. Phys. 38. 301- 
304 (2002). 

[6] Albeverio, S., Fei, S. M. & Yang, W. L., Optimal teleportation based on bell mea¬ 
surements. Phys. Rev. A 66, 012301 (2002). 

[7] Alber, G. et al. Quantum. Information: An Introduction to Basic Concepts and Ex¬ 
periments (Springer Tracts in Modern Physics, 2001). 

[8] Abeyesinghe, A., Devetak, I., Hayden, P. & Winter, A. The mother of all protocols: 
restructuring quantum informations family tree. Proc. R. Soc. A 465(2108): 2537- 
2563 (2009). 

[9] Bennett, C. H. et ah, Purification of Noisy Entanglement and Faithful Teleportation 
via Noisy Channels. Phys. Rev. Lett. 76, 722-725 (1996). 

[10] Bennett, C. H., Bernstein, H. J., Popescu, S. & Schumacher, B. Concentrating partial 
entanglement by local operations. Phys. Rev.A 53, 2046 (1996). 

[11] Horodecki, M., Horodecki, P. & Horodecki, R. Inseparable Two Spin- 12 Density 
Matrices Can Be Distilled to a Singlet Form. Phys. Rev. Lett. 78 574 (1997). 

[12] Horodecki, M., Horodecki, P. & Horodecki, R. Mixed-State Entanglement and Distil¬ 
lation: Is there a Bound Entanglement in Nature? Phys. Rev. Lett. 80 5239 (1998). 

[13] Peres, A. Separability Criterion for Density Matrices. Phys. Rev. Lett. 77 1413 (1996). 

[14] Horodecki, R., Horodecki, P., Horodecki, M. & Horodecki, K. Quantum entangle¬ 
ment. Rev, Mod. Phys. 81, 865 (2009). 


15 



[15] Horodecki, P. Separability criterion and inseparable mixed states with positive partial 
transposition. Phys.Lett. A 232 333(1996). 

[16] Horodecki, P., Horodecki, M. & Horodecki, R. Bound Entanglement Can Be Acti¬ 
vated. Phys.Rev.Lett. 82 1056-1059 (1999). 

[17] Masanes, L. All Bipartite Entangled States Are Useful for Information Processing. 
Phys. Rev. Lett. 96 150501 (2006). 

[18] Cavalcanti, D., Acin, A., Brunner, N. & Vertesi, T. All quantum states useful for 
teleportation are nonlocal resources. Phys. Rev. A 87 042104 (2013). 

[19] Vrtesi, T. & Brunner, N. Disproving the Peres conjecture: Bell nonlocality from 
bipartite bound entanglement. Nature Communications 5 5297 (2014). 

[20] Werner, R. F. All teleportation and dense coding schemes. J. Phys. A: Math. Gen. 
34 7081(2001). 

[21] Grondalski, J., Etlinger, D. M. & James, D. F. V. The fully entangled fraction as an 
inclusive measure of entanglement applications. Phys. Lett. A 300, 573 (2002). 

[22] Zhao, M. J., Li, Z. G., Fei, S. M. & Wang, Z. X. A Note on Fully Entangled Fraction. 
J. Phys. A 43, Math. Theor. 275203 (2010). 

[23] Li, M., Fei, S. M. & Wang, Z. X. Upper bound of the fully entangled fraction. Phys. 
Rev. A 78, 032332 (2008). 

[24] Shrwchuk, J. R. An Introduction to the Conjugate Gridient Method Without the 
Agonizing Pain , (August 1994). 

[25] Zhang, Li., Zhou, W. J. & Li, D. H. A descent modified PolakCRibkereCPolyak 
conjugate gradient method and its global convergence. Journal of Numerical analysis 
26 629-640 (2006). 

[26] Gu, R. J., Li, M., Fei, S. M. & Li-Jost, X. On Estimation of Fully Entangled Fraction. 
Commun. Theor. Phys. 53, 265 (2010). 

[27] Ganguly, N., Adhikari, S., Majumdar, A. S. & Chatterjee, J. Entanglement Witness 
Operator for Quantum Teleportation. Phys. Rev. Lett. 107, 270501 (2011). 

[28] Zhao, M. J., Fei, S. M. & Li-Jost, X. Complete entanglement witness for quantum 
teleportation. Phys. Rev. A 85, 054301 (2012). 

[29] Holmes, R. B. Geometric Functional Analysis and its Applications , (Springer-Verlag 
1975). 


16 



[30] Kwiat, P. G., Mattie, K., Weinfurter, H. & Zeilinger, A. New High-Intensity Source 
of Polarization-Entangled Photon Pairs. Phys. Rev. Lett. 75, 4337 (1995). 

[31] White, A. G., James, D. F. V., Eberhard P. H., & Kwiat P. G. Nonmaximally 
Entangled States: Production, Characterization, and Utilization. Phys. Rev. Lett. 
83, 3103 (1999). 

[32] Zhang, C. Preparation of polarization-entangled mixed states of two photons. Phy. 
Rev. A 69, 014304(2004). 

[33] Bouwmeester, D. et al. Experimental quantum teleportation Nature (London) 390, 
575-579 (1997). 

[34] Pan J. W. & Zeilinger, A. Greenberger-Horne-Zcilinger-state analyzer. Phys. Rev. A 
57, 2208-2211 (1998). 


17 



